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Comprehensive Abstract

Electro-hydraulic systems (EHSs) are widely used in industrial and aerospace applications due to their high power-
to-weight ratio and fast response. However, achieving accurate and robust state estimation for these systems is a
significant challenge because of their inherent strong nonlinearities, including Coulomb friction, fluid
compressibility, and complex servo-valve dynamics, as well as parametric uncertainties and measurement noise.
While full-order sliding mode observers (FO-SMOs) offer robustness, they often come with high computational
complexity, making them unsuitable for real-time applications.

This paper addresses this challenge by proposing two novel reduced-order sliding mode observer structures
designed specifically for nonlinear EHSs: a reduced-order first-order sliding mode observer (RO-SMO) and a
reduced-order high-order sliding mode observer (RO-HOSMO) based on the Super-Twisting Algorithm (STA). The
core innovation of this work lies in the systematic reduction of the observer's dynamic order, focusing solely on
reconstructing the unmeasured states (piston velocity and spool velocity) , while using the available measured states
(position, load pressure, and spool position) as auxiliary variables. This approach significantly reduces the
computational burden and enhances processing speed compared to standard full-order configurations, without
sacrificing the inherent robustness of sliding mode methodologies.

A central contribution of this research is the rigorous Lyapunov-based stability analysis performed for both
proposed reduced-order structures. Unlike many prior studies that focus on full-order observers or lack a
comprehensive stability proof, this paper provides explicit, analytical sufficient conditions for selecting the
observer gains. For the RO-SMO, a detailed Lyapunov analysis is conducted that considers the Lipschitz
nonlinearity of the friction model, leading to straightforward gain selection criteria. For the more advanced RO-
HOSMO, the design process involves reformulating the estimation error dynamics into a standard super-twisting
form. A dedicated Lyapunov function is then employed to derive the necessary and sufficient conditions for finite-
time convergence and stability, explicitly accounting for the bounded disturbances and model uncertainties.

The performance of the proposed reduced-order observers (RO-SMO and RO-HOSMO) is rigorously evaluated
through extensive numerical simulations on a comprehensive five-state nonlinear EHS model. The simulation
environment includes the effects of Coulomb friction, fluid compressibility, and servo-valve nonlinearities. To
create realistic operating conditions, the observers are tested under three distinct input scenarios (sinusoidal, step,
and ramp), in the presence of significant measurement noise (white Gaussian), external bounded disturbances, and
parametric uncertainties of up to 15%. The results are benchmarked against two established estimation methods: the
Extended Kalman Filter (EKF) and a derivative-based observer combined with a low-pass filter (FDOB).

The simulation results are analyzed using a comprehensive set of performance metrics, including Root Mean
Square (RMS) error, Peak error, settling time, error energy, and the RMS of the error derivative to assess
smoothness and chattering. Key findings demonstrate that the proposed RO-HOSMO consistently outperforms all
other observers across most metrics. It achieves superior estimation accuracy (lower RMS and peak errors) and the
fastest convergence rate for both unmeasured states. Furthermore, the use of the Super-Twisting algorithm
effectively mitigates chattering, providing smoother and more robust estimates compared to the conventional RO-
SMO, while the RO-SMO, in turn, is significantly more robust and accurate than the EKF and FDOB. In contrast,
the FDOB exhibited the worst performance, with very high sensitivity to noise and significant estimation errors.
The EKF demonstrated reasonable accuracy but slower convergence and less robustness compared to the sliding
mode-based observers.

A crucial aspect of this study is the analysis of computational efficiency. A time-benchmark analysis was conducted
under identical conditions. The results confirm the theoretical advantage of the reduced-order structures: the RO-
SMO achieved a 63% reduction in execution time compared to its full-order counterpart, while the RO-HOSMO
achieved a 34% reduction. This trade-off between accuracy and computational cost positions the RO-HOSMO as
the superior choice for applications demanding high precision and robustness, whereas the RO-SMO emerges as an
excellent cost-effective solution for real-time implementations with limited processing resources.

In conclusion, this paper presents a significant advancement in the state estimation of nonlinear electro-hydraulic
systems. The proposed RO-HOSMO, with its rigorous Lyapunov-based stability guarantees, superior estimation
performance, and reduced computational cost, offers a robust, accurate, and efficient solution for real-world
industrial applications. The RO-SMO also provides a valuable, simpler, and computationally lighter alternative.
This work establishes a clear framework for designing and analyzing reduced-order nonlinear observers, potentially
improving the performance and reliability of modern electro-hydraulic control systems.
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  −   e  T P k s g n  (   e 2 )


  −   e  T P k s g n  (   e 2 ) = −  [      e 1     e 2     e 3 ]  [      P 11    P 12    P 13     P 12    P 22    P 23     P 13    P 23    P 33 ]  [      k 1 s g n  (   e 2 )     k 2 s g n  (   e 2 )     k 3 s g n  (   e 2 ) ] = −  (   P 11   k 1 +   P 12   k 2 +   P 13   k 3 )   e 1 s g n  (   e 2 )


  


    V .  ( e ) =   − P 11 𝛼     e 1 2 −  (   P 23   w  n v 2 +   P 12   𝜌 1 +                                 P 22   𝜌 2 +   P 23   𝜌 3 )     e 2 2 +                                (   P 23 −   P 33 𝛾 )     e 3 2 −  (   P 13   w  n v 2 +                                 P 12 𝛼 +   P 11   𝜌 1 +   P 12   𝜌 2 +                                 P 13   𝜌 3 )   e 1   e 2 +  (   P 12 −   P 13 𝛾 −                                 P 13 𝛼 )   e 1   e 3 +  (   P 22 −   P 23 𝛾 −                                 P 33   w  n v 2 −   P 13   𝜌 1 −   P 23   𝜌 2 −                                 P 33   𝜌 3 )   e 2   e 3 −  (   P 11   k 1 +   P 12   k 2 +                                 P 13   k 3 )   e 1 s g n  (   e 2 ) −  (   P 12   k 1 +                                 P 22   k 2 +   P 23   k 3 )  |   e 2 | −                                (   P 13   k 1 +   P 23   k 2 +                                 P 33   k 3 )   e 3 s g n  (   e 2 )


    e 1   e 2


    e 1   e 3


    e 2   e 3


    V .  ( e )


  P


  𝜌


  k


  P =  [      P 11  0  0   0    P 22  0   0  0    P 33 ] →  {      P 12 = 0     P 13 = 0     P 23 = 0


   {      𝜌 1 =   𝜌 3 = 0     k 1 =   k 3 = 0


    V .  ( e ) =   − P 11 𝛼     e 1 2 −   P 22   𝜌 2     e 2 2 −                                 P 33 𝛾     e 3 2 +  (   P 22 −   P 33   w  n v 2 )   e 2   e 3 −                                 P 22   k 2  |   e 2 |


    V .  ( e )


  e ≠ 0


    V .  ( e ) < 0


  s = e


      e 1 2


      e 2 2


      e 3 2


   |   e 2 |


  𝜌


  k


   {    a )   P 11 𝛼 > 0 →             


   ( a )


      P 11    m  n o m ​  ( 1 +   𝛥  m ​ ) (   b  n o m ​  ( 1 +   𝛥  b ​ ) + 20 ( F c +   𝜇  n o m ​  ( 1 +   𝛥  𝜇 ​ )     m  n o m ​  ( 1 +   𝛥  m ​ ) g ) > 0


   |   𝛥  m , b , 𝜇 | ≤ 0 . 15 →  ( 1 +   𝛥  m , b , 𝜇 ) ≥ 0


    P 11 > 0


   ( a )


  P


  P =  [    1  0  0   0    w  n v 2  0   0  0  1 ]


  𝜌


  k


   {    𝜌 =  [    0  𝜃  0 ] ,     𝜃 > 0   k =  [    0  𝜏  0 ] ,                     𝜏 > 0


  A =   [   A 1 ,   A 2 ,   A 3 ]  T


  B =   [   B 1 ,   B 2 ,   B 3 ]  T


  ⊙


  A ⊙ B


  A / B


    A  i  


    B  i  


   {    A ⊙ B =   [   A 1   B 1 ,   A 2   B 2 ,   A 3   B 3 ]  T       A ⊙ A =    [     A 1 2 ,     A 2 2 ,     A 3 2 ]  T =   A 2   A / B =   [     A 1    B 1 ,     A 2    B 2 ,     A 3    B 3 ]  T                                          


    u  S T A


  𝜗


   {        x ^ .  ( t ) = f  (   x ^  ( t ) ) + B u  ( t ) + 𝛬                                             𝛬 = − 𝜌 ⊙ s − k ⊙   u  S T A                                                             s =   x ~ =   x ^ − x                                                                                                   𝜌 =    [   𝜌 1       𝜌 2       𝜌 3       𝜌 4       𝜌 5 ]  T ,                                     𝜌  i ≥ 0     k =    [   k 1       k 2       k 3       k 4       k 5 ]  T ,                                       k  i ≥ 0     u  S T A =   c 1 ⊙    | s |   1 2   ⊙ s i g n ( s ) + 𝜗                             𝜗 =    [   𝜗 1 ,   𝜗 2 ,   𝜗 3 ,   𝜗 4 ,   𝜗 5 ]  T                                                                   𝜗 . =   c 2 ⊙ s i g n  ( s )                                                                                       c 1 =    [   c 11 ,   c 12 ,   c 13 ,   c 14 ,   c 15 ]  T ,       c  1 i > 0       c 2 =    [   c 21 ,   c 22 ,   c 23 ,   c 24 ,   c 25 ]  T ,       c  2 i > 0  


   {        𝜁 ^ .  ( t ) =   f 3  (   𝜁 ^  ( t ) ) +   B 3 u  ( t ) + 𝛬           𝛬 = − 𝜌 ⊙ s − k ⊙   u  S T A                                 s = e =   𝜁 ^ − 𝜁                                                                           𝜌 =    [   𝜌 1       𝜌 2       𝜌 3 ]  T   ,                                   𝜌  i ≥ 0     k =    [   k 1       k 2       k 3 ]  T   ,                                   k  i ≥ 0     u  S T A =   c 1 ⊙    | s |   1 2   ⊙ s i g n ( s ) + 𝜗   𝜗 =    [   𝜗 1 ,   𝜗 2 ,   𝜗 3 ]  T                                                                     𝜗 . =   c 2 ⊙ s i g n  ( s )                                                           c 1 =    [   c 11 ,   c 12 ,   c 13 ]  T ,                           c  1 i > 0     c 2 =    [   c 21 ,   c 22 ,   c 23 ]  T ,                         c  2 i > 0


  𝜌 ،   k


    𝜗  i


        𝜁 ^ 1 . =   − b  m     𝜁 ^ 1 +     A  P    m   z 2 −     F  f  (     𝜁 ^ 1 )  m   −   𝜌 1 (   e 1 ) −                       k 1   c 11    |   e 1 |   1 2   s i g n (   e 1 ) −   k 1   𝜗 1


        𝜁 ^ 2 . =     𝜁 ^ 3 −   𝜌 2 (   e 2 ) −   k 2   c 12    |   e 2 |   1 2   s i g n (   e 2 ) −                       k 2   𝜗 2


        𝜁 ^ 3 . = −   w  n v 2     𝜁 ^ 2 − 2   𝜖  v   w  n v     𝜁 ^ 3 +   w  n v 2   v  e 0 +                       w  n v 2   k  e u  ( t ) −   𝜌 3  (   e 3 ) −                       k 3   c 13    |   e 3 |   1 2 s i g n  (   e 3 ) −     k 3 𝜗 3


    e .  ( t ) =   ∆ f 3 − 𝜌 ⊙   s − k ⊙   u  S T A =   ∆ f 3 −                             𝜌 ⊙   s − k ⊙   c 1 ⊙    | s |   1 2 ⊙                             s i g n  ( s ) − k ⊙ 𝜗


   {        x . 1 = −   k 1    |   x 1 |   1 2   s i g n (   x 1 ) +   x 2 +   𝜑 1 ( x , t )       x . 2 = −   k 3 s i g n (   x 1 ) +   𝜑 2 ( x , t )                                              


    𝜑  i ( x , t )


   {    k ⊙   c 1 =   𝛼 1 =   [   𝛼 11 ,   𝛼 12 ,   𝛼 13 ]  T   − k ⊙ 𝜗 = 𝜔 =    [   𝜔 1 ,   𝜔  2     , 𝜔 3 ]  T         k ⊙   c 2 =   𝛼 2 =   [   𝛼 21 ,   𝛼 22 ,   𝛼 23 ]  T


  𝜔


    𝜔 . = − k ⊙   𝜗 . = − k ⊙   c 2 ⊙ s i g n  ( s ) =                   −   𝛼 2 ⊙ s i g n  ( s )


  s


  𝜔


   {      s . = −   𝛼 1 ⊙    | s |   1 2 ⊙ s i g n ( s ) + 𝜔 +   𝜑 1 ( s , t )     𝜔 . = −   𝛼 2 ⊙ s i g n ( s ) +   𝜑 2 ( s , t )                                            


   {      𝜑 1  ( s , t ) =   ∆ f 3 − 𝜌 ⊙ s                                                                               𝜑 2 ( s , t ) = 0                                                                                                                    


  s


  𝜔


  V ( s , 𝜔 ) = 2   𝛼 2 ⊙  | s | +  1 2   𝜔 2 +                                          1 2   (   𝛼 1 ⊙    | s |   1 2   ⊙ s i g n ( s ) − 𝜔 ) 2


    V . ( s , 𝜔 ) = −  1    | s |   𝜃  T Q 𝜃 +     𝜑 1    | s |     q 1  T 𝜃 +                                           𝜑 2     q 2  T 𝜃


  𝜃


      q 1


    q 2


  Q


   {    𝜃 =   [    | s |   1 2   ⊙ s i g n ( s ) , 𝜔 ]  T       q 1  T = [ ( 2   𝛼 2 +       𝛼 1 2 2 ) ,   −   𝛼 1 2 ]       q 2  T =  [ −   𝛼 1 , 2 ]                                               Q =     𝛼 1 2  [    2   𝛼 2 +     𝛼 1 2  −   𝛼 1   −   𝛼 1  1 ]


    𝜑 1 ( s , t )


    𝜑 2  ( s , t )


   {    a )    |   𝜑 1 ( s , t ) | ≤   𝛿 1 ⊙   | s | + 𝜖   b )    |   𝜑 2  ( s , t ) | ≤   𝛿 2                                            


    𝛿 1 =    [   𝛿 11 ,   𝛿 12 ,   𝛿 13 ]  T


    𝛿 2 =   [   𝛿 21 ,   𝛿 22 ,   𝛿 23 ]  T


  𝜖 =   [   𝜖 1 ,   𝜖 2 ,   𝜖 3 ]    T


    𝜑 2  ( s , t ) = 0


    𝛿 2 = 0


  ( a )


   |   ∆ f  3 i −   𝜌  i   e  i | ≤   𝛿  1 i   |   e  i | +   𝜖  i   ,                             𝜖  i > 0


    𝜖  i


     |   e  i |   1 2


   {    M =   [   M 1 ,   M 2 ,   M 3 ]  T                                                  |   e  i | ≤   M  i 2 ,   M  i ≥ 0 →    |   e  i |   1 2 ≤   M  i


   |   ∆ f 31 −   𝜌 1   e 1 | =  | − 𝛼   e 1 −   𝜌 1   e 1 | =                                                                | − ( 𝛼 +   𝜌 1   ) e 1 | =                                                                ( 𝛼 +   𝜌 1 )  |   e 1 | ≤   𝛿 11    |   e 1 |   1 2 ≤                                                                 |   e 1 | +   𝜖 1 →   𝛿 11 ≥ ( 𝛼 +                                                                 𝜌 1 )    |   e 1 |   1 2 →   𝛿 11 ≥ ( 𝛼 +                                                                 𝜌 1 )   M 1


   |   ∆ f 32 −   𝜌 2   e 2 | =  |   e 3 −   𝜌 2   e 2 | ≤  |   e 3 | +                                                                   𝜌 2  |   e 2 | ≤   𝛿 12 (    |   e 2 | +                                                                   𝜖 2 )   1 2 →   𝛿 12 ≥    |   e 3 |  (    |   e 2 | +   𝜖 2 )   1 2 +                                                                   𝜌 2    |   e 2 |  (    |   e 2 | +   𝜖 2 )   1 2 →   𝛿 12 ≥                                                                       M 3 2      𝜖 2   1 2 + 𝜌 2    |   e 2 |   1 2 →   𝛿 12 ≥                                                                       M 3 2      𝜖 2   1 2 + 𝜌 2   M 2


   |   ∆ f 33 −   𝜌 3   e 3 | =  | −   w  n v 2     e 2 − 𝛾   e 3 −                                                                   𝜌 3   e 3 | =  | −  ( 𝛾 +   𝜌 3 )   e 3 −                                                                   w  n v 2   e 2 | ≤ ( 𝛾 +   𝜌 3 )  |   e 3 | +                                                                   w  n v 2  |   e 2 | ≤   𝛿 13 (    |   e 3 | +                                                                   𝜖 3 )   1 2 →   𝛿 13 ≥                                                                   w  n v 2    |   e 2 |  (    |   e 3 | +   𝜖 3 )   1 2 + ( 𝛾 +                                                                   𝜌 3 )    |   e 3 |  (    |   e 3 | +   𝜖 3 )   1 2 →   𝛿 13 ≥                                                                   w  n v 2     M 2 2      𝜖 3   1 2 + ( 𝛾 +   𝜌 3 )   M 3


    𝛿  1 i


    V . ( s , 𝜔 ) ≤ −  1    | s |   𝜃  T   Q ~ 𝜃


    Q ~


    Q ~ =


    Q ~


   {      𝛼 1 > 2   𝛿 1                                                                                                                                     𝛼 2 >   𝛼 1   5     𝛿 1 ⊙ 𝛼 1 + 6   𝛿 2 + 4   (   𝛿 1 +   𝛿 2 /   𝛼 1 ) 2  2 (   𝛼 1 − 2   𝛿 1 )


    𝛿 2 = 0


   {      𝛼 1 > 2   𝛿 1                                                                               𝛼 2 >   𝛼 1 ⊙   5     𝛿 1 ⊙ 𝛼 1 + 4     𝛿 1 2  2 (   𝛼 1 − 2   𝛿 1 )


    c  1 i


    c  2 i


   {      c  1 i >   2   𝛿  1 i    k  i                                                                 c  2 i >   c  1 i   5   𝛿  1 i   c  1 i   k  i + 4     𝛿  1 i 2  2 (   c  1 i   k  i − 2   𝛿  1 i )


  s g n


  𝜀 =  10  − 3


    𝜂  y =   𝜂    v  e =  10  − 2   s i n ⁡   ( 2 𝜋  ( 0 . 1 t ) )


    𝜎  y =   𝜎    v  e = 5 ×  10  − 3


    y . ​


      v .  e


    u 1 ( t ) = 2 s i n ⁡ ( 𝜋 t )


    u 2 ( t ) =  {    0                             t < 0 . 02   2                             t ≥ 0 . 02


    u 3 ( t ) = 10 t


    x 0 =   [ 0 . 05 , − 0 . 02   ,  10 4 ,   0 . 10 , − 0 . 05 ]  T


      x ^ 0 =   [ 0 , 0 , 0 , 0 , 0 ]  T


  t ∈ [ 0 , 0 . 2 ]


  𝜌 =   [ 0 , 100 , 0 ] ​ ​  T


  k =   [ 0 , 100 , 0 ] ​ ​  T


  k =   [ 0 , 100 , 0 ] ​ ​  T


  𝜌 =   [ 100 , 100 , 100 ] ​ ​  T


  k =   [ 20 , 20 , 20 ] ​ ​  T


  k =   [ 20 , 20 , 20 ] ​ ​  T


    c 2 =   [ 200 , 200 , 200 ] ​ ​  T ,   c 1 =  2   c 2


    c 2 =   [ 200 , 200 , 200 ] ​ ​  T ,   c 1 =  2   c 2
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  5 × 3


  H = [ 0 , 0 , 50 ; 0 , 0 , 0 ; 0 , 50 , 0 ; 0 , 0 , 0 ; 50 , 0 , 0 ]


  K = [ 0 , 0 , 200 ; 0 , 0 , 0 ; 0 , 200 , 0 ; 0 , 0 , 0 ; 200 , 0 , 0 ]


  K = [ 0 , 0 , 200 ; 0 , 0 , 0 ; 0 , 200 , 0 ; 0 , 0 , 0 ; 200 , 0 , 0 ]


  y  ( t ) ،     P  L  ( t )   و     v  e  ( t )


  𝜌 =   [ 100 , 100 , 100 , 100 , 100 ] ​ ​  T


  k =   [ 20 , 20 , 20 , 20 , 20 ] ​ ​  T


  k =   [ 20 , 20 , 20 , 20 , 20 ] ​ ​  T


    c 2 =   [ 200 , 200 , 200 , 200 , 200 ] ​ ​  T ,   


    c 2 =   [ 200 , 200 , 200 , 200 , 200 ] ​ ​  T ,   


   {    Q = d i a g   (  10  − 6 ,  10  − 6 ,  10  − 6 ,  10  − 6 ,  10  − 4 )   R = d i a g   (   𝜎  y 2 ,   𝜎    P  L 2 ,   𝜎    v  e 2 )                                                                         P 0 =  10  − 2     I 5                                                                                                        


  H ( s ) =     𝜔  c 2    s 2 +  2   𝜔  c s +   𝜔  c 2   ,     f  c = 50   H z   ,     𝜔  c = 2 𝜋   f  c
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